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By H. J. Cunningham

SUMMARY

Expressionsbasedon linearizedsupersonicpotentialtheoryare
givenforthetotal liftandmomentcoefficientsofthinarrowheadwings
oscillatinginpitchandverticaltranslation.Thearrowheadplanform
astreatedhereinincludesa12pointcd-tipwings;thedeltaplanfo?nn
withanunswepttrailingedgeisa specialcase.A restrictionisthat
theccxnponentofflownormalto thetrailingedgemustbe supersonicor

. sonic.Thetotalcoefficientshavebeenobtainedby integrationofthe
sectioncoefficientsgiveninNACARepoti1099forthesubsonic-leading-
edgewing(tothefifthpowerofthefrequency)andinNACATechnical

. NotePkgkforthesupersonic-leading-edgewing(tothethirdpowerof
thefreqmncy). Theaccuracyoftheseexpressionsefiendsto sufficiently
highfrequenciesto makethempotentiallyusefulinflutterapplications.

A correlationof coefficientnotationisgivenforthepresentflti-
tercoefficients,fordynamicstabilitycoefficients,andfortheexact
fluttercoefficientsdevelopedbyMilesforthesupersonic-leading-edge
deltaplanform. Forthesupersonic-leading-edgedeltawing,curvesare
givento showthecmnparisonofthesethreetypesof coefficients.The
relativeimportanceofhigherorderfrequencytermsas comparedwiththe
lowestorderfrequencytermineachfltitercoefficientdecreasesrather
rapidlywiththefollowingparametricchanges:increasingMachnumber,
increasingleading-edgesweepangle(exceptforthesupersonic-leading-
edgedeltawing),anddecreasingtraillng-edgesweepangle.Thesepara-
metricchangeshavetheconcurrentresultthattheaccuracyoftheapproxi-
matecoefficientsincreasesforanygivenreducedfrequency.

Sweepingthetrailingedgebackhas,ingeneral,anunfavorableor
destabilizingeffectonthedampingofpitchingoscillations.An unstable
dampinginpitch,however,doesnotnecessarilyimplyan instabilityof

—

thewingifthewingisalsofreeto translatevertically.Forthesetwo
degreesoffreedom,exsmplesaregivenofrequirementsonmassratioand
pitching
thatis,

●

radiusof~ation fortheconditionofno elasticrestraint,
withthewinginfreeflight.

.
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INTRODUCTION
.-

.

Thepresentpaperisconcernedwiththeintegratedortotalaero-
dynamicforcesandpitchingmomentsonthinoscillatingarrowheadwings
in linearizedsupersonicpotentialflow.Theclassofwingplanform
treatedincludesallarrowheadwingswithsubsonicor supersonicswept-
backleadingedgesandsupersonicsweptbackor sweptforwardtrailing
edgesmeetingat.pointedtips. Thedeltawingwithanunswepttrailing
edgeisa specialcase.

Thetotalforcesandpitchingmcmentsonthesearrowheadplanforms
canbe usefulin severalapplicationsincludingthefollowing:dynamic
stabilityanalysisoftaillessarrowhead-tingconfigurationsextending
to very-short-periodoscillations,flutteranalysisofarrowheadwings
ortailsInvolvingrigid-bcdyccnuponentsofmotion,analysisofthe
oscillationsofa systemconsistingofa rigidwingortailmountedon
a flexiblefuse~e, andanalysisofosci~tionsofa rigidall-movable
controlsurfacewhicheitherhasa full-sp&narrowheadplanformor isa
half-spansurfacemountedona bodywhichactsasa reflectionplane. .

References1 and2 giveexpressionsfortotalliftandmomenton
rigiddeltaplanformswithalledgessupersonic,andtheseexpressions .
applyto all.frequenciesof oscillation.Expressionsforsectionlift
andmmnentofthemoregeneralarrowheadplanformaregiveninrefer-
ence3 forsubsonicleadingedgesandinreference4 forsupersonic
leadingedges.Theexpressionsofreferences3 and4 weredevelopedon
thebasisofan expansionofthevelocitypotentialasa powerseriesin
thefrequencyof oscillationandretentionofthefirstfewtermsinthe
series.Reference3 retainsthefifthpowerofthefrequencyandrefer-
ence4 retainsthethirdpower.Thetotalforcesandmcmentsofthe
presentpaperarethespantiseintegralsoftheexpressionsforthesec-
tionforcesandmomentsofreferences3 and4.

References~ to 8 givevariouslongitudinalstaticanddynamicsta-
bilitycoefficientsforthearrowheadplanformbasedontheretention
oftermsforonlythezeroandfirstpowersofthefrequencyofoscilla-
tion. Reference5 dealswiththesubsonic-leading-edgearrowheadwing,
andreferences6, 7, and8 dealwiththesupersonic-leading-edgearrow-
headwing,aswellasa moregeneralplanformwitha taperratiogreater
thanzero.

Becauseof someconfusionwhichexistswithregardtotherelation
offlutterandstabilitycoefficients,a correlationispresentedherein
ofthenotationofthefluttercoefficientsofthepresentpaper,the
exactfluttercoefficientsofreference1,andthedynamicstability”
coefficientsas giveninreference5. Furthermore,inordertopermit
assessmentoftheaccuracyofthefirst-orderfrequencycoefficientsof

b

.
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references~ to 8 andofthehigherorderfrequencycoefficientsofthe
presentpaperincomparisonwiththeexactcoefficientsofreferences1
and2,examplesofthesethreetypesof coefficientsaregiveninthe
formof curvesas functionsofthefrequencyparsmeterE forsonic-
andsupersonic-leading-edgedeltawings.

SYMBOLS

~i> Pj} Qj>RJ constantsdependingon ~C,expressedandtabulated
jmreference3; i = 0, 1, 2,and3 and

b

z

c =cotA

J =1,2, ...20

semichordofwingat“rootoratmidspan

meanaerodynamicchord

=tsze

1c%’, c%’, cLq’j
longitudinalstabilitycoefficietisreferredto
stabilityaxes,definedinreference5

~’, %&’> %;

D = tan~E

%> %nej1 sectionfunctionsof ~, v,andtrailing-edge
nate,definedinreference4

G-, he

coordi-

–ii, FWe,I spanwiseintegrahof Em, FWe, G~, and ~e,
givenby equations(A12),(fU7), (A23), and(U4),

‘%, ‘ke respectively

h verticaldisplacementofaxisofrotation,positivedownward,

hoe~

; = ah/ti

‘o amplitudeofverticaldisplacementofaxisofrotation
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ll,m’ ‘I

I
12,n ‘ 3,n’ spanwiseintegralsdefinedby equations(Al)

-r l-r 1- ! (All)and(A18)to (A22)

k reducedfrequency,bu#v

‘l,nt~%,n”}

I

spsmwiseintegrals

~jn’$ ~,~’
tO (A16)

definedby equations(A14)

Liz Mi componentsofsectionliftandmomentcoefficientsfora
andmomentaxisat Vojappearing in =3?=tions (1) ~d

3433

to

itch
T)2

Ll+ i% complexliftcoefficientduetoverticaltranslation,posi-
tive ~ indicatesliftactsupwardforpositiveh (lift

h) andpositive~
.

opposes indicatesliftactsupward
forpositive6 (liftopposesordsmps A)

—

.
L3+ iL4 ccmplexliftcoefficientduetopitchingoscillation,posi-

tive L3 indicatesliftactsupwardforpositivea and
positiveL4 indicatesliftactsupwardforpositive&

%+%2 comp~
exmomentcoefficientdueto verticaltranslation,posi-

tive ~ indicatesmomentactsleadingedgedownforposi-
tive h andpositive~ indicatesmomentactsleading
edgedownforpositiveh

M3 + iM4 ccxnple~momentcoefficientduetopitchingoscillation,posi-
tive M3 indicatesmc%nentactsleadingedgedownforposi-
tive a (momentopposesa) andpositiveM4 indicates
momentactsleadingedgedownforpositive& (moment
opposesordamps&)

ii>% componentsoftuballiftandmomentcoefficientsfora pitch
andmomentaxisat Po)appearinginequations(3)and(4),
obtainedby spanwiseintegrationof Li and ~;
i = 1, 2, 3,and4

&’, ~’ parts of & and fii,definedby equations(6) and (7);
i 1, 2,3,and4

6
=

.
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free-stresmMachnuuiber,V/Speedof sound

sectionmomentperunitspanonwingstripparalleltomain
stresm,takenaboutaxisofrotation~, positiveleading
edgeup

totalmomentonwingaboutaxisofrotationPO,positive
leadingedgeup,obtainedby spanwiseintegrationof IQ

sectionforceperunitspanonwingstripparalleltomain
stresn,positivedownward

totalforceonwing,positivedownward,obtainedby spanwise
integrationof P

radiusof~ation ofrigidwingaboutaxisat Wo,nondimen-
sionalintermsof semichordb

time

velocityofmainstream

angulardisplacementaboutaxisofrotation,positiveleading

edgeup, ~eti

aa/at

smplitudeofangulardisplacementabout-S ofrotation

1

Pi} functionsof M andleading-edgesweepangle,definedfol-

b~
lowingequations(7)

G

halfapexangle(~” - A)

‘~+l?E sweepanglesof leadingedgeandtrailingedge,respectively,
positiveforsweepback

PY v rectangularcoordinatesmovinginnegative~-directionwith
averagevelocityof-, nondimensionalintermsof chord 2b

Po valueof ~ at axisofrotationandcoincidentmanentaxisof
wingas showninfigure1
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wingmass
mass ratio ofwing,

8pb3C

circularfrequencyofoscillation

frequencyparameter,2kM2/j32,nondtiensionalandeqpalto -
2b times~ inreferences3 and4

airdensityinmainstream

-1

constantsdependingon j3Cand M, definedfollowingequa-
tion

Expressions

(5h);-j= 1;2, . . . .20 -

EXFRXSSIONSFORTOI!ALFORCEANDMCMENT

forthesectionlift-andpitchingmomentforthethin
arrowheadwinginverticaltranslationandpitcharegiveninrefer-
ence3 forthesubsonic-leading-edge(narrow-wing)caseandinrefer-
ence4 forthesupersonic-leading-edge(tide-~ng)case.Totalforces
andmmnentswhichcanbe usefulin severalapplications,forexample}
flutteranalysesofarrowheadwingsortailsinvolvlngrigid-bodycom-
ponentsofmotion,areobtainedinthepresentpaperby spanwiseintegra-
tionofthesectionllftandmcmentexpressions.Thep~n formtreated
isthatofthearrowheadwingshowninfigure1 withtrailingedgesswept
forwardorbackandmeetingtheleadingedgeat a pointedtip;however,
theccnnponentofflowvelocitynormaltothetrailingedgemustbe super-
sonicorat leastsonic.

Thenotationsofreferences3 and4 havebeenfollowedhereininso-
faraspossible;compromiseshavebeenmadewhendifferencesexistbetween
thetworeferences.ThesectionliftandtheSectionmomemtaboutthe
axis K = No areexpressedby

(1)

(2)

(Theaxisaboutwhichthepitchingoscillationtakesplaceisalsoat
P = %“)

Thetotalliftandmoment.maybe determinedconvenientlyastwice
theintegralbetweentheplaneof symmetryanda wingtipandare

-.

.

.
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I Tip
F=2 P2bdv = [bf~+ ‘2)+’%(!3+%)] (3)

.8pb~2eM %
o

J

Tip
Ra=2 M#b dv = 2 ‘p(~+%)+.o(%+ X4] ‘4)-8pb3/ke

o

Subsonic-Ieadin&Ed&W-

E@ressionsforthesectionforcesandmcsnentsaregiveninrefer-
ence3 forthestisonic-leading-edgearrowheadwing. Thetotalforces
andmomentsarethespanwiseintegralsofthesesectionquantities.The
spanwisecoordinatey ofreference3 isreplacedby v,andthecoordi-
nateofthetrail- edge ~ isdenotedhereinby l+Dv, where D is

thetangentofthetrai~ng-edgesweepangle~. Thethreebasicinte-
gralsrequired,11~, m and I12,n> 3,n}aregivenintheappendix.

.
Withtheseintegradthecoefficietisoftotalforceandmoment(divided
by C,thecotangentoftheleading-edgesweepangle)canbewrittenas

J’%. +)
c span

c

f

i2iE$
=2

o T ‘v

ZM2U1- 132A0~ 0 +A~ ~
[(

+k2M42 2= p7$a3- )
430312,30+

2,1
92

~2 3>2

( ) ( )]
4p2ab- ~ - 8M2G612,12--$ IS3i-4p2C2a413,4 +

C2 c

.

.
(5a)
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Z2 [(lA~ o+k M2k P%l-3M2+~,2o—=.
c k O 2,0 ——

1

- ~ (3M2C2a4+ al)12,02 + -
P23P2 3C2

.

[(k3~ ~ @a9 - j32a5)12,40+ ~@~M%2alo + a5- 5#C2a6)12,22+
# 5P2 15c

4

)1

16 (1#’~2C4aU+ 205+ 5@2C2tT612,0
m (5b)

[

~2#16 2
( )5&a1512,4°- — (16 15M2c2u16+ tY7+ 5~2C2U812,22+ ,——

~45P2P ‘7 - 15C2 )

(%) -

) (2 + 32j32M%20
)

4
’13 12,3 - P2a1712,1

(+: “15 + 2~2c2~~6+

(5d) .

.
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)6M2UU12,60+
(

~ 13%9- 7$4C%10+ M?cru+ 28M2p2c%15)12,k*+
35C

.

(5e)
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fi5 ~ii2 (+23M2G2 . 0—=. —
c kC ‘2*1)12,3 (

~ 132A1+ M2d2 - k#j32C2A5)(12,~2+ “
$2 + ~2c2

.

8M2j34C4a
X

4 +~1
ml

)] (
Z3 %.

12,1 )
-2Po~+~+2~o~17 C2 3,6 (5EJ)

[(%- +3.1%+—=--—-- —
c k(_jk3 ~1 2)]+k~@2a2-4M2a7)12,;+‘12,2°+ C2 2,0

16
(
-J3202- 5f14C2A3‘&u7+1@f2~2c2u8 1222+&204)+

15C2 )(

) , ]+ ‘3$~(m2%3 - :2q5)12,60’+~ $2A3- M2afj1204

(
~ ~2a15-

)
794C2a26+ M%18 + 28h?$2C2a1912,k2+ * 4f%15+

35C2 1VC4(

where

7~4c2a16- 35p6C4G17+ 4M2a18+ &’P2C2019+70M$34C4C 12,24+
)(20

(5h)

.

.
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Theqyantities Ai?
reference3.

Expressionsfor

11

Pj> QJ, and R~ aredefinedandtabulatedin

Supersonic-Leading-EdgeWing

thesectionforcesandmcunentsaregiveninrefer-
ence4 forthesupersonic-leading-edgearrowheadwing. Thespanwise
integralsofthesesectionquantitiesarethetotalforcesandmoments.
The~ectioncoefficientsU: expressedintermsofthespanwisevaria-“
bles ~, F_e, Gw, and &e. Theirspanwiseintegrals‘~, l!me,
‘6&,and ~ aregivenintheappendix.Thecoefficientsoftotal
forceandmomentcanbe writtenas

1(6)

I
R5+ fi4 = ~31+ ii14’

(-’llo~’ + iq ) - (*+ %)(Z+ N’)]

where

(7a)

.
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+-q . [(al ~02 (- %1) + 131ii110+ pa FMO - R020
)] [+ k2 c@03 +

a3G21 ( )( 2.) + %z3° +‘“4%4-~03 +@22-F

B4(F140- Eo40)]

+&3 f (= y~~02+ 72~03- G02)( )
_o

+ 73’21 - %0 + 51H21+ 5jiu1+

(53q0+54F220 -Euo)+b(F ‘-~ 0
5 13 03 ) (7g)

.

.

.

(7e)

.
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.

-%1 =+1(%1-%)+%(%”-~=”)‘52(=0:-F~l)+
.

( o
53=02° - n2 )] [ (+ k Y2~03 + 73~a + ?’4 ~03

)
-EM +

o
- F14 )]

where,as inreference4,butwith

[
M*’ M2(4CJ+3)

‘2=*

‘2C(3M2+.6?=- )

._A&2182+‘4 72P6$
[(

C replacingX,

1+a

131Cf+ 15)+ 3Cr(5cr+ 3)

P3=
-$

[ 1M2(2a+ 3) + u
~fi2g/2

(m)

I&cp,.J&L
‘4 = [ 1M2(2cs+ 5) + 3a

,g/2 4&u7/2
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72= @-(a + 3)
3&?

52 = %

%?j5=L
2a3/2

M%73‘-7

[(
1

74=~M22a%~+~5)+ u(a+3)
24Pa

-M2C73=—
[ 1M2(26u+45)+ 9C

24f12a3

‘5
‘2 (2U

“G
+ 3)

M2
66=- [ 14M2(4cri-5) + tJ(3- u)

.
M2

[ 14M2(2u+5} + 3U67= 4gp2a7@

It istobe notedforthesupersonic-leading-edgewingthat,asthe
sonic-leading-edgelimitisapproached,allthecoefficients~~, Pi}
7i$~~ ~~ approachinfinitevaluesbecausea approacheszero.For
the“condition,therefore,ofa slightlysupersonicleadingedge,a large
numberofsignificantfigureswouldhavetobe usedbecauseoftheloss
of significantfiguresatthefinalstep(eqs.(7]).Forthelimiting
conditiontheforceandmomentcoefficientsofequations(7)arefinite
differencesof infinitequantitiesandtheirnumericaldeterminationby
thepresentexpressionscannotbemade. Thesonic-leading-edgewing
remainsentirelytractable,however,asa limitingconditionofthe
subsonic-leading-edgewing.

Inthissectiononthesupersonic-leading-edgewing,a pointcon-
cerningonlythedeltaplanform,madeinreferences1 and4,bears
repeating;nsmely,the’totalcoefficientsdividedby C (~lC, ~/C,
etc.

)
aredependentonlyonMachnumberandnoton C. Thismeansthat,
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forMachnumbersatwhichitmaybe inconvenientto obt~intheexact
resultsofreference1,fluttercoefficients(dividedby C) canbe
obtainedto thefifthpowerofthefrequencyasfollows:AttheMachnum-
berof interest,calculatethecoefficients,~/C, andsoforth,fora
deltawingwithsonicleadingedgesfromtheexpressionsforthesubsonic-
leading-edgewing. ForconstantM theseq=tities remainunchanged
forallthewidersupersonic-leading-edgewings.Thisssmeobservation
doesnotapplyto thetotalcoefficientsifthetrailingedgeisswept,
nordoesitapplyto thesectionforceandmomentcoefficientsforany
arrowheadplanform.

Thesectionst“ofollowgivesameobservationsdrawnfromdetermina-
tionanduseofthefluttercoefficientsobtainedfromtheexpressions
ofthisandtheyrecedingsections.

RESUIll?SANDDISCUSSION

EffectsofMch Number,PlanForm,andPitch-AxisLocation

In orderthatsomeeffectsofparametervariationscanbe observed,
setsofforceandmomentc~ficientsarepresentedintablesI to 111.
TableI isarrangedintheorderof increasingMachnumberfora specific
wingplanform. TablesII(a)andII(b~arearrangedintheorderof
increasingleading-edgesweepangle,withMachnmber andtrailing-edge
sweepangleheldconstant(oressentiallyconstant).!l?able111is
arrangedintheorderofdecreasingtrailing-edgesweepangle(sweepback
ispositiv,e)withMachnumberandleading-edgesweepangleheldconstant.
Thepurposeofthearrangementofthetablesisto showthat,forany
givenreducedfrequencyk,thehigherorderfrequencytermsbeccmepro-
gressivelylessimportantccsnparedwiththelowestorderfrequencyterm
foranyofthefollowingparametric&anges: increasingMachnuniber,
increasingleading-edgesweepangle(exceptforthesupersonic-leading-
edgedeltawing,as notedpreviously),ordecreasingtrailing-edgesweep
angle.

In orderto showsaneeffectsofMachnumber,plan form,andpltch-
axislocationon single-de~eepitchinginstability,figure2 ispre-
sented.BoundariesseparatingstableandunstableregionsofMachnumber
andpitch-axislocationaregivenforarrowheadwingswith45° sweptback
leadingedgesandwithfivedifferenttrailing-edgesweeps,including
0°sweepobtainedfromfigwe 7 ofreference3. Theregionsofpossible
pitchinginstabilityliebelowtherespectivecurvesandsweepbackofthe
trailingedgeis seentobe unfavorableor destabilizing,whereassweep-
forwardhastheoppositeeffect.Thevariouscurveshavenotbeen
etiendedbelowthelhchnmnberatwhichthetrailingedgeis sonic.The
curvesapplyto slowoscillationsforwhichtermsin ‘~ otherthanthe

.
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.
l/ktermarenegligible.

a
Ifthefrequencywereto increase,theunsta-

bleregionwouldshrinkdownward.

In ordertoprovidescxueInsightintothereasonwhysweepbackof
thetrailingedgecanhavea destabilizingeffect,figure3 showsthe
regionsonarrowheadwingswhichexperiencea destabilizingpressure
componentforlow-freqmncypitchingoscillations;thatis,atthe
instantina cycleofa pitchingoscillationwhenthepitchingveloctty
isa positivemaximum(anddisphcementis zero),thehatchedregions
offigure3 havea pressuredifferenceactinginthedirectionofthe
localtranslationalvelocityofthesurface.Theseregionsmayalsobe
saidto havea pres,surewhichleadsthepitchingdisplacement.Forcon-
venience,onlyone-half’ofthewingisshown,becausethepressuredis-
tributionis symetricabouttherootchord.

Wingswithtwodifferentleading-edgesweepanglesareshown,45°
and600,fora Machnumberof10/9andwithvariouspitch-axislocations
as indicatedinfigure3. It isto be notedfromthefigurethat,foran
axislocationbehindthe49percentrootchordonthe45°wingandbehind
the73percentrootchordonthe600wing,essentiallyallwingareaadded .
between.thepitchaxisandtrailingedgeby sweepingthetrailingedge
backisdestabilizing.Formoreforwardaxislocations,samestabilizing
andsomedestabilizingareaisaddedby trailing-edgesweepback,withthe =
netcontributionbeinginthedestabilizingdirectianunlessthepitch
axisiswellforward,aswouldbethecase,forexample,fora noncanard
horizontaltail.

As hasbeenpointedout,figure2 showsregionsofpossiblepitching
instabilityforcertainplanforms.Beforea pitchinginstabilityof an
arrowhead-wingaircraft(withoutan oscillatingcontrolsurface)can
actuallyoccur,however,otherconditionsonmass,massmoment,andelas-
ticrestraintmustbe satisfied.In orderto illustratesomeofthese
conditions,the,simplecaseofa rigidarrowheadwingflyingfreelyhas
beenanalyzedandtheresultsarepresentedinfigure4 fora Machnum-
berofapproximately1.25withthecenterofgravity(andpitchand

(momentaxis)attherootmidchordUO= 0.5).Theconditionsonthe
wingarethatithastwolongitudimddegreesoffreedom,pitchingand
verticaltranslation(butnofreedato varyitsspeedinthefore-and-
aftdirection),andisnotelasticallyrestrained;also,noeffectsof
gravity,thrust,oraerodynamicforcesdueto a fuselageortothethick-
nessofthewingareconsidered.Tliedynamicalequationsof equilibrium
forharmonicoscillationsaboutthecenterofgravitycanbe expressed
simplyinmatrixformas
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(8)

Thequantities& and % arethecomplexamplitudesofharmonicmotion
ofverticaltransitionan~ofpitch,re~pectiv=ly;~ and ra are
describedinthenextparagraph.

Thenontrivialsolutionof equation(8)canbe obtainedby setting
thedeterminantofthefour-elemetisquarematrixequalto zero.The
abscissa~ offigure4 istheratioofthemassofthewingtothe
massofair p(2b)3C.As an airplanegainsaltitude,itsmassratio
movestotherightinfigure4. Theordinatera istheradiusof
gyrationinpitchofthesub~ectarrowheadwing,nondimensionalizedin
termsoftherootsemichord;thatis, ra isunityiftheradiusof
~ation iseq@ to thesemichordb. Thethreeplanformsrepresented
infigure4 havesubsonicor sonicleadingedges,andthesolidcurves
aretheresultofusingcoefficientswhichincludethefifthpowerof
thefrequency.

Theunstableregionsareinsideandtotherightoftherespective
curves.Thelowerright-handcurveappliesto a deltawingwitha
leading-edgesweepangleof45°. Whenthetrailingedgeis sweptback
20°,tiththeleading-edgesweepangleheldat 45°,theunstableregion
expandsupwardto thehighestcurveshown.(Fig.2 alsohascurvesfor
thesetwoplan.forms.)If,insteadofthetrailing-edgesweepsingle
beingincreased,theleading-edgesweepangleisdecreasedto thepoint
wherethatedgeis sonic(A= 36.80),theregionof instabi~tyextends
outwardtothecurvefarthestto theleft. (Theshort-dashcurvelabeled
“Exact(ref.1)”andthelong-dashcurveresultingfromfirst-orderfre-
quencycoefficientsforthesameplanformarediscussedinthenext
section.) IftheMachnumberchangesfrmnthatoffigure4,theunstable
regionsexpandtotheleftas M decreasesandshrinkto therightand
eventuallyvanishas M increases.@cationofthepitchaxisalso
affectstheetientoftheunstableregion.No unstableregionexistsin
a plotofthetypeoffigure4 unlessthewinghasa planform,a Mach
number,anda pitch-axislocationwhichfallina regionofpossible
instabilityina plotofthetypeoffigure2. A rigidarrowheadwing
flyingat supersonicspeedwiththetwospecifieddegreesoffreedom
thereforecanexperiencean oscillatoryinstabilityonlyifitfallsin
unstableregionsofplotsofthetypesofbothfigure2 andfigure4.
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Cs.n
the

ComparisonsWithOtherWork

Comparisonsofresultsfromtheexpressionsofthepresentpaper
be msiiewiththeexactresultsofreference1 onlyforthecaseof
supersonic-leading-edge(wide)deltaplanform. fInref.1 thetab-

ulatedvaluesoftheSchwarzfunctionf4 areincorr~ctand,as a result,
thecoefficients%? -(2/k)~,and -IZ@ sreinaccurate.Inthe

presentpaperwherevernumericalresultsfromthetheoreticalanalysis

)
ofref.1 areplotted,correctedvaluesareused. ,.

Comparisonsofthepresentresultscanalsobemadewiththefirst-
orderfrequencycoefficientsgenerallyusedindynsmic-stabilitywork.
It canbe shownthatthestabilitycoefficientsareidenticalwithcoef-
ficientsresultingfroma frequencypower-seriesexpansionofthevelocity
potentialwhichincludesonlythezeroandfirstpowerofthefrequency
(andthesecondpowerfor~erticaltranslationsincetheunitoftransla-
tionhereis h andnot h);thesezero-andfirst-powertermstherefore
resultinthesteady-stateandsteady-rate-of-changecoefficients,
respectively.Intheforceandmomentcoefficientsof equations(5)

.

and(7)thezero-order-of-the-freq-uencyor s~aticstabilitycoefficients
arethetermsinvolvingl/1# in ~3 and M3 (a k2-multiplieristaken -
outsideineqs.(3)and(4))andthoseinvolvingl/lsillE’ and R2.
(Thelattertermswouldalsoinvo}veI/# iftheunitoftranslation
werethetranslationalvelocityh as in airplanestsbilityworkrather
thanthetranslationaldislacementh usedinflutterwork.)Addition

?ofthetermsinvolving1 k in ~4 end ~4 andthoseinvolvingk to

thezeropowerin El and El givesthefirst-order-of-the-frequency
or quasi-steadydynamicstabilitycoefficients.Eqwtions(5)and (7J
includealltermstothefifthpowerandthethirdpower,respectively,
ofthefrequency.

TableIV liststhenotationforthecoefficientsofthepresent
paperalong withthecorrespondingnotationof’reference1 andofref-
erence‘jforsmarbitrsryfore-snd-sftlocationofpitchandmomentaxis.
Thequantitieson anyonelineapproachexactnumericalequalityasthe
frequencyof oscillationapproacheszero.It shouldbepointedoutthat
thereferencelengthinthepresentflutterworkistherootchord2b,
whereasthereferencelengthinstabilityworkisthe=an aer&lynemic
chord @ which,forarrowheadwings,Is (2/3)(2b).

Theaccuracyoftheapproximatecoefficientsextendingtothethird
endto thefifthpowersofthefreqqencycanbe comparedwiththeexact
resultsofreference1. Thefrequencyrangeinwhichtheapproximate
coefficientsaresufficientlyaccurateisthesmaUestforlowsupersonic .

.
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Machnmbers. ForthisreasononeMachnumberchosenasa basisof
comparisonis M = 10/9;comparisonisalsomadeat M = 10/7.The
resultssrepresentedinfigure5 asfunctionsofthefrequencyparam-

~2
eter ~ = — fora pitch-axislocationattherootmidchord

~2-~

(~= 0.5).Theaccuracycanbe assessedfromthefigureandit canbe
readilyseenthat,foreachforceandmomentcoefficient,themoreterms
carriedinthepowerseries,themorecloselytheapproximatecurvefol-
fiwstheexactcurve.Thelowestorderfrequencyterm,representedby
a horizontallineineachpartof figure5, illustratesthecorresponding
coefficientofdynamic-stabilitywork,usefulforsufficientlylowfre-
quencies.If an inaccuracyof 10percentfromtheexactvaluescanbe
tolerated,theapproximationsadequatelyrepresenttheexacttheoryin
rangesofthefrequencypsrameter?E asfollows:Forexpansionofthe
velocitypotentialto d, therangeofuseftiessisabout O ~ m= 1.4.
ForexpansiontoT@,therangeislimitedby~3 to about OS ~~ 1.7.

Forthedynsmicstabilitycoefficients(expansionto ~ therangeis
abotiO ~ ZiS0.7,which,forthisMachnmber of 10/9,representsan
oscillationasrapidas95rootchords(142meanaerodynamicchords)
percycle.Thewavelengthinrootchordsisequalto sr/k.(Itshould
be understoodthatforcertaincombinationsofplanform,Machnuuiber,
smdpitch-axislocation(forexsmple,as showninfig.2)thefirst-order
approximationto“thedampingin pitch @ canbe zeroor nearzero,in
whichcasethehigherordercontributionsevenat lowfrequenciescanbe
a lsrgepercentofthefirst-ordercontribution.Thefactremains,how-
ever,thatthehigherordercontributionssresmallin absolutesmount
forlowfrequenciesandvsnishatthelimitof zerofrequency.)

AstheMachnuniberdecreasestowardunity,theusefulrsngeof

reducedfrequencyk decreasestowardzerosincek = -e; -.-
=2

more,theusefulnessofthelinearizedtheoryitselfbecomesquestionable
as M approachesunity.Conversely,as M increases,theusefulrange
of k increaseseveniftheusefulrangeof ?5 remainsconstmt. The
usefulrangeof 6 mayincrease,however,as M increases,as is illu-
stratedh figure5 by cc?mpsrisonofthecoefficientcurvesfor M= lo~~
withthosefor M = 10/9,bothcasesbeingforthesupersonic-lesding--
edgedeltawing. It canbe seenthatforthehigherMachnumberthe
approximatecurvesaremorecloselygroupedabouttheexactcurvefor
mostofthecoefficients,notably~/C and k~3/C.

/
A pointtobe notedfromthecuxvesof k@ C isthatthisqyantity,

representingthedampingofpitchingoscillations,ticreaseswithan
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increaseinfrequency;this
quencieshavea stabilizing

NACATN3433

resultindicatesthathigherreducedfre-
●

effectonthepitchingdegreeoffreedom.

Theimmediatelyprecedingparagraphsdiscussingfigure5 arecon-
.

cernedwiththeaccuracyoftheapproximatecoefficientsspecifically
forthesonic-andsupersonic-leading-edgedeltaplanformsat M= 10/9
and M= 10/7. Ina broaderveinitwaspointedoutinthepreceding
sectionwiththeaidof”tablesI,11,andIIIthat,forthearrowhead
wingingeneral,increasingtheMachnumber,increasingtheleading-edge
sweepangle(exceptforthesupersonic-leading-edgedeltawing),or
decreasingthetrailing-edgesweepau.glehastheeffectofdecreasing
therelativeimportanceof thehigherorderfrequencytermsincomparison
withthelowestorderfrequencytermineachfluttercoefficient.A
concurrentresultis,of course,thatanyofthesegivenparametric
changesbringsaboutan increasedaccuracyfortheapproximatecoeffi-
cientsof thepresentpaperaswellasfortheresultsofreferences3
to 8.

Infigure4 a short-dashcurveisticludedforcomparison;this
curveresultsfromuseoftheexactcoefficientsofreference1 forthe
caseofthesonic-leading-edgedeltawingat M = 1.25.

.
Thewingplan

formandMachnumberfortheshort-dashcurveandtheassociatedsolid
curveareidentical,anditmaybe seenthattheapproximatecurve
(fifthpowerofthefrequency)isveryclosetotheexactcurve.As a - -
matterof interest,thelong-dashcurvelabeled“fi”showsthecorresponding
resultof applyingfirst-power-of-the-frequencycoefficients.h this
long-dashcurveextendsto theleft,it showstoan increasingextent
a resultofmisapplyingthefirst-powerfrequencycoefficientstotoo
highvaluesof oscillationfrequency.

CONCLUDINGRIMARKS

Expressionsbasedon linearizedsupersonicpotentialtheoryare
givenforthetotalforcesandmomentsonthinrigiderrowheadwings
oscillatingharmonicallyinpitchandverticaltranslation.Theseexpres-
sionssrebasedon anexpansionofthevelocitypotentialas a power
seriesintermsofthefrequencyofoscillationandextendto thefifth
powerof thefrequencyforthestisonic-leadhg-edgewingandtothe
thirdpowerforthesupersonic-leading-edgewing. Figuresarepresented
fromwhichtheaccuracyoftheseexpressionscanbeassessed.

Theimportanceofhigherorderfrequencytermsinthefluttercoef-
ficientsincomparisonwiththelowestorderfrequencytermdecreases
ingeneralasthefoUowingparametricchangesoccur:increasingMach
number,increasingleading-edgesweepangle(exceptforthesupersonic-
leading-edgedeltawing),anddecreasingtrailing-edgesweepangle.
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Suchparametricchsngeshavetheconcurrentresultthattheapproximate
resultsofthepresentpaper,aswelIlasthoseofNACATechnicalNote2494
andNACAReport10~ (whichgivesectioncoefficientsforsupersonic-
andsubsonic-leading-edgearrowheadwings,respectively),become
increasinglyaccurateforsnygivenreducedfrequency.

Withregsrd.to dynamicinstabilityinpitch,fora givenMachnumber,
pitch-axislocation,smilesding-edgesweepangle,ansrrowheadwingis
morestable(orlessunstable)ifthetrailingedgeis sweptforwardand
lessstableifthetrailingedgeis sweptback.Thewingalsotendsto
bemorestableathigherfrequenciesthanatlowfrequencies.An testa-
bilityinpitch,however,doesnotnecessarilyimplysn instabilityifthe
wingisalsofreeto translatevertically.Exmnplesareshownofrequire-
mentsonmassratiosmdradiusof ~ation fortheconditionofno elastic
restraint,thatis,withthewingflyingfreely,withthesetwodegrees
of freedom.

LangleyAeronautical.Uboratory,
NationalAdvisoryComnitteeforAeronautics,

LsmgleyField,Vs.,Februsry3, 1955.

.

.
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APmNmx

SPANWISE~

Subsonic-Leading-EdgeWing

Foruseinequations(5a)to
required.Theftistis

c!

(5h),severalspsnwi.seIntegralssre

1“”=2J71-V’k-~)@’v
where C = cotA and D= tan~~. By useof a recursionformula,

(Al)

.

.

.

1~,~=J-- C2
[ 1(2m+l)DII,m-l+ (m-.l)ll,m-2 (mZ 2) (A2) “

mi-21.&2

with

11,1= ~ C2
31-c~2 ( )

2 + 3DI~,0

Anotherintegralneededis

(m=l) ‘ (A4)

12,nm=2Jo
‘“(’’’v)nwd’ ‘A5)
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whichcsmbe determinedfrom
when (1+ Dv)n isexpanded
useoftherecursionformula

c

23

combinationsofveriousvaluesof 11,m
or,forthecaseof m = O, canbe foundby

12,n0= 2J
%+Dv,.f+mv+(&.$#dv
o

r 1

C2=
{[ u~(2n+l)12,n-10 - (n- l)12,n-20 +2D

(n + 2)(1 - C%2) C2

(n2 1) (A6)

and,for n = 0, 12,.0= %,0”

Thethirdintegralneededis

JHE
13,n =2 @ ~Osh-lC(l+ Dv)~v

o v
(A7)

Thoughinte~ationby parts,

13)n = —.:15+ .=+13,; (.8)

Usecsnbe madeoftherecursionformula
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c
f J’1-CD13,n = 2 ~

.

2 ~2
=-

[ 1(~ - ~)D13,n-1’+(YI - l)13,n-2’ (nZ2} (A9)
‘l- ~2$

andof

f“’”=K=$+’’”-%$‘“=0)‘m”)
(-J2

13,~’=
(
2 -f-D13,0r

1- ~2D2 )
(n= 1) (All)

Supersonic-Leading-EdgeWing

The.spanwiseintegralof & is (withthecotangentoftheleading-
edgesweepangledesignatedby C inthepresentpaperratherthanby X
as inref.4)

Ji%-ii=2R.P. &n+~( 1 -I-Dv)” 1+2Dv+ (~ - ~2)v2dv (A12)
o

whereR.P. meanstherealpartofthequantityto follow.Thequan-
tities‘~ areseentoequal 9+”+1 times 12,nm ofequation(A5),
providedthat C isreplacedby l/~ intheintegrandandintheupper
limitofequation(A5);thus,~ canbe evaluatedby useofequa- .

tions(A3)and(A6)oncethestistitutionof l/p for C ismade.
.
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The spanwiseintegralof Fme is

c

J’Ci5Fme
{

- (p%v)e(l +Dv)m[C -I-(CD+-1)v]‘c- l+(D+#C)v ~=2R.P.
o p[c -1-(CD-1-l)V]

1(+%v)=(l-S-DV)m[C+ (=J- +nCOS-l 1 + ‘D- ‘+)V dV
p[c+ (CD- l)V]

Throughintegrationby parts,itcanbe determinedthat

H‘l,n’
=

?qn”

ccm
R.P.1[ cl-

0

TCn+-lcos-ql/P@

(n+l)(l *CD)

wheretheupperqusatity Kl,

1
(CD* 1)v ‘coS-l 1+-(D* j32C)v

@[c+ (CDt l)v]

a H‘2,n’+
(n+ 1)(1+ CD) K2,n”

(U.3)

a-v

(A14)

n’ is associatedwith K2,n’ andthe
upperof thealternatesigns~ or ;, andthelowerquantityKl,n~i

with K2,nl~andthelowerofthealternatesigns.ThequantitiesK2,n’
and K2,~rtcanbe determinedby therecursionformula

{}

%,n’
&

J
c +(OD* l)v]%

=R.P.
%,n” o l+av+(w-pq~

.

.
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.

Thequantities~we (neededforforcesandmomentstothethird
powerofthefrequency)canbe expressedas

(
- 0= &l K~,n’+K@
‘On )

9+2

(

Kl,n’+ DK1,&l’ Kl,n” - ml ~+1”
Xl$ = +

l+CD 1-C!D ‘)

~ao . 2n+3
[(

1
)

Kl,n’1-~Kl,~l’ + D%fl,n+2’+
(1+ CD)2

1 (Kl,n” %
)]

- ~l,n+f -f-D 1,n+2°
(1 - CD)2

(

#l+2p2~%1+1’ - %,n’ + %,n+.1”

‘)

- (Xln’
FrJnl=

l+CD 1 -CD

[[

1
FM~= #@pq -CKQ’ -1-(1-

1
@K@.1’ +~l,n+z’ +

(1+CD)2

1
[ 1]-CKljn”+(1-I-CD)K1,n+l°- DK1,~2°

(1- CD)2

(A17)

.

.
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Theremainingrequiredintegralis

14,n=

=

c

JTizE
2R.P. @ cosh-l= dv

o pv

wlxlch,afterintegrationby psrts,isthesameas 13,n if c is

.

.

replacedby l/~ ineqwtion(A8).Thus,

14,n
1= — 14,n’

n+l

()“’0” = a:+ ‘m-’;

14,1’=
,2:D2t+D’’@’)

27

(u8)

(fug)

(n= o) (A20)

(n= 1) (Ml)

1

14,n’=
1

1 1
(2n- l)D14,n-~f+ (n- l)14,n-2[ (n~ 2) (A22)

n(p2- D2)

Thespanwiseiritegrslsofthequantities~ ofreference4 can
nowbe expressedasfollows:
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(=3)

ofreference4 cs.n

(A24a)

(A24b)

i&30= ; ~040

[
-;q$

1

&+ (3u+5)~4,4 (A24C)

%4° = ; ~050
[ 1-& F(2w)E~+c%= (A24d)

(A24e)

.

.

.
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.

.

(A24f)

(A24g)

(A24h)

(A24i)

(-43)

(A24k)

(A24Z)

A fewdifferencesof exponentsad multip~ factorscsnbe noted

betweentheeqmtionsforcertafioft~ ‘% ~ ‘%e
aboveandthe

sectionquantities~and~e
ofreference4. Thepr~t~ errors

ofreference4 havebeencorrectedintwoerratanotices;tby werepres-
entW %3> ‘~~ %0’ ‘~1’ - ’31”
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RELATIONBEWEENFLUJTERANDSTAKCLTFYCOEFFICIENTNOTATION

Fluttercoefficients

Ref.1
(fordeltawingonly)

-[~+(+1’’+%$+(=-
-,[%+(+($+%)+~-

2)1~RLhtan6
3

2

)]
~ ILhten6

%&eereafactorfa= 1 - CD isunityforthedeltawing.

Stabilitycoefficients
asinref.5

(b)
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(a) Projectionof plan forms on p-plane. c= cot A; D=tan ATE.
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(b) Sectionv= O.

Figurel.-Sketchillustratingtwoarrowheadplan
andthetwodegreesoffreedomh

forms, coordinate system,
and a.
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Figure2.- Curves showing ranges of Mach nmiber M .md axis of rota-
tion ~. for which the aerodynamicpitching moment vanishes for slow

oscill.atiomof arrowhead~gs with leading-edgesweepback of 45°
and various trailing-edgesweep angles. @rves are ended at M for
which tra-i.l.ingedge is sonic.
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Figure3.- Sketch showing regions having a pressure which contributes
to pitching instabiU.@ for slow oscillationsof arrowheadwings with
leading-edgesweep angles of 45° and 600, al.fachnmiberof 10/9, sad
with v-ariouslocations of’pitch axis Vo.

w
03

, , .



t t

,7

.6

.5

! I/r 11 I ! I I , , a

tp”’:20 1
.4

%

,3 I I I Ii 1 I I 1 I

I 1 I 1 I u I I I I

I I -0rll I
.1 l-{ — — a I \--4 I I I I I

/-> – m,
I I -------Enact (ref.1) I

I I I I I I l-t-l II

141

~gure k.-Curves separatingstable and uustable regions of radius of
gyration ra and mass ratio of wing Pw for Wee arrow’he~-~~

plan forms with two longitudinaldegrees of freedom, pitch and ver-
tical.translation,at M= 1.25 ~th PO = 0.!5.
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(oI Red partof Ilft- curve slope associated with vertioal trondatfon of wlrPJ.
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(b) Imogirxry Part of lift-curve slope oesodoted with vertical trunehtbn of w%

Figure 5.- Comparisonof lift- and nmmnt-curve slopefiobtainedfrom
enct and appoxhnate theory as a function of frequencyparameter
for sonic- and supersonic-leading-edgedeltaWWS tith vo = 0.5
for M= lo/9malo/7. The power of ~ required to produceeach
approximatecurveis indicated.
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(c) Real part of lift-curve slope
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(d) Imaginary part of lift-curve
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associated with pitching of wing.
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slope associated with pitching of wing,
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(e) Real part of moment-curve slope associated with vertical translation of wing.
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(f) Imaginaw port of moment-curve slope associated with vertical translation af wing-

Figure 5.- Conttiued. Y
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(g) Real part of moment-curve
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slope associated with pitching of wing.
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(h) Imaginary part of moment-curve slope associcrted with pitching of wing.

Fi@re 5.- Concluded.


